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1. Let the continuous random variable (RV) X have the probability density
function (PDF),

f(x) = cx?, 0<x<3

a) Determine the value of ¢ such that f(x) represents a valid PDF.

As discussed in the lectures, f(x) represents a valid PDF if two conditions hold: i) f(x) >
0 and ii) f_°°m f(x)dx = 1.As x? > 0 for all values of x, then ¢ > 0 for the first condition

to hold. We can look more closely at the second condition by substituting f(x) by cx?
in the second condition and solving the integral. From the rules of calculus, we know that:
fexg(x)dx =c+ [ g(x)dx

Hence, we can rewrite the second condition as:
3 3
2 — 2 —
jc*x dx—c*fx dx =1
0 0

Noticing that the range of x defines the bounds of the integral. In addition, from the rules

of calculus we know that:

xa+1

+C
a+1

[ x%dx =
Hence, we can rewrite the previous equation as:
cx|=| =
3 0
The First Fundamental Theorem of Calculus states the following:

if f is continuous and F(x) = [ f(x)dx, then f af (x) dx = [F(x)]}
b
=F(x=a)—F(x=b)

Applying it to our definite integral, we get:



33 03
c*(;—;)ZC*(32—0)=9*C=1

Isolating c, we get:



b) Draw the PDF of X.

In order to draw the PDF, we first write it down:

2
x
y=?,f0rOSxS3and0Sy§1

We, then, find some values of y for given values of x:
X

0
1

2

H Ol s Ol o‘ '~<H

3

Finally, we plot those values. | have used Mathematica, a software widely used for
mathematic applications. You can access this software from university computers.
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¢) Find the following probabilities and illustrate them graphically;

374
We have previously computed that ¢ * fba x?dx =c+* [%]b. As we now know that ¢ =

394
é, in the following exercises we directly use the formula i* [x?]b. We use the First

Fundamental Theorem of Calculus, as stated above, to find the solutions.

Pr[0 < X < 1] 1 [x3 1 [13 03 1 11 0] 1 [1] 1

=—%|—] =Z=—=%|———| = —% |— — = —x%|—| = —

ro=sas 9" |3, "9 3 3] 973 9131 T 27
b. Pr[0 <X <2]

Pr[0 < X < 2] 1 [x3 1 [23 03 1 8 0] 1 [8] 8

=—%|—] = —=%|———| = —% |— — = —x%|—| = —

ro=sas 9" |3, 793 3] 973 9131 T 27
c. Pr1<X<2]

brl1 <X <2] 1 317 1 [22 13] 1 8 17 1 [7] 7

= =% |— = %] =—%|—-——| = — —_ = —

r 3], 79737379373 T3 T 27

Extra comment: It is interesting to see that

Prl0<X<2]=Prl0<X<1]+Pr[1 <X <2]

But, why is this the case? If we abstract from the concepts we are dealing with (PDF’s),
we are just computing areas. In this case, the areas between two numbers just represent
the probability that the value of a variable lies between two given numbers. Hence, it
makes sense that the probability that a variable lies between 0 and 2 is just the sum of the
probabilities that such a variable lies between 0 and 1 and the probability that our variable

lies between 1 and 2.



2. Let the RVs X and Y have joint PDF
fx,y)=2—-x—y, 0<x<1, 0<y<1

a) Verify that f(x,y) represents a valid PDF.

For a joint PDF to be valid, we need conditions analogous to the ones outlined in the first
answer. Firstly, we want f(x,y) > 0for0<x<1, 0<y<1 to hold for every
possible value in the range of x and y. In order to verify that this holds true, we compute
the value of f(x,y) at the least upper bound of x and y. We define a least upper bound
as the highest value that x and y can take that lies within their corresponding ranges. In
our case, the least upper bounds of x and y, labelled as sup(X) and sup(Y) respectively,

are sup(X) = 1 and sup(Y) = 1. Hence,
f(x =sup(X),y =sup(Y)) =2 —sup(X) —sup(Y) =2—-1-1=0=0

As we can see, the first condition for the existence of a PDF is satisfied for the proposed
range of values of x and y. Notice that this wouldn’t hold true, for instance, for 0 < x <

2;since f(x=2,y=1)=2-2-1=-1<0.

Secondly, we want that the area of the joint PDF between the ranges of x and y is equal
to 1, meaning that the probability that the random variables take a number between all

the proposed values can never be greater than certainty. More formally,

o o

f ff(x,y)dxdy =1
Were —oco and oo refer to generic upper and lower bounds of x and y. As, in our case,

0<x<1,0<y<1andf(x,y)=2—x—y,thenthe condition becomes:

11
ff(Z—x—y)dxdyzl
00

Whenever we have two integrals with respect to two different variables, we proceed in
the following way. First, we integrate with respect to one variable, leaving the other one
as a constant. Secondly, we integrate with respect to the remaining variable. As we are
dealing with definite integrals, after the first and second integration we need to use the

First Fundamental Theorem of Calculus. From the rules of calculus, we know that:



a+1
+C

fb+x“dx=b*x+
a+1

We start by integrating with respect to x. Hence, y is just a constant and should be treated

as the “b” in the rule above:

Using the First Fundamental Theorem of Calculus, we get:

[{(z- - y*(l)—g>—<z (0) - y*m)—%)}dyﬂ
0

Which can be simplified to get the following equation:

1 1
f 2 y—— dy = f ——y dy =1
0 0

We know integrate with respect to y to get:

3 21!
ERA A
0

Now, using the First Fundamental Theorem of Calculus, we get:

o]k

Hence, we can see that the second condition holds, as well, true for the proposed ranges

—2-1-1
=S=1=

3 1
2 2

(0)? l

of x and y.



b) Determine the marginal density functions of X and Y.

In order to find the marginal density functions of X and Y, we need to integrate f(x,y)
with respect to the opposite variable for which we want to find the marginal density. For

x, this implies:

fx<x>=f<z—x—y>dy

Using the rules described above, we get:

211

fx<x>=[2*y—x*y—y7
0

(1)? (0)?
=2+ (D) —x* (D) =5~ = [2%(0) ~x*(0) =
Which simplifies to:
) = [2 1] 3
fx(x) = x 2| =3 x
Proceeding analogously for y, we have the following condition:
1
)= [@=x-y)dx
0
Using the rules described above, we get:
x2]
f) =|2xx—ysx==
0
1)? 0)2
= [2*(1)—y*<1)—(2) ]—[2*(0)—y*(0)—(2)

Which simplifies to:

fy(y)=[2—y—%]=;—y



c) Evaluate the following probabilities,

This section is a little bit different from the analogous one in the first exercise, as it implies
dealing with joint density functions. Here, when we get asked Pr[0 < X < a] or
Pr[0 <Y < a], we make reference to the marginal cumulative probabilities. This is
because we want to isolate the influence of the variable we are interested in, and we do
so by analysing the probabilities in the full range of the other variables. This implies that
one needs to use the marginal density functions found in the exercise above. However,
when we are asked to find Pr[0 < X <a, 0 <Y < b, we need to compute the joint

cumulative probability given the ranges of x and y proposed.
1
a Prlo<xs<’]

Given the proposed range of x, we need to compute the definite integral of the marginal

density of x described below:

1
2

-s)ar

Pr[O<XS

O'\NIH

Applying the rules mentioned above, we get:

[

prlo<x=1]- [_*x__]z

Which, using the First Fundamental Theorem of Calculus, becomes:

1
Pr[OSXS%]:- ___‘ [ (O)_(O)l F_ﬂ Z‘%z —1

b. Prlo<X<-, 0<Y<

=]

NI»—t
N | =

]

As explained before, a range for each variable implies a joint cumulative probability. This
can be computed, given the proposed ranges, with the following integral:



11
22
1 1
Pr[0<X 0Sy<—]= 2—-x—y)dxdy
00

As explained in part a), we first integrate with one variable, treating the other one as
constant. Afterwards, we apply the first Fundamental Theorem of Calculus and repeat
those two steps. We start by integrating with respect to x. Following the aforementioned

rules, we get:

l\)lb—\

1
3 1
1 2
Pr[0< < O_ysz] le*x y*x——l
0

Applying the First fundamental Theorem of Calculus, we get:

Pr[OSX %0<J’S%]
1
:f 2*(%>—}/* \ [2 «*(0)—y (0)_Q dy

[+-3-2ho

o
-
o
IA
S
IA
N =
o
IA
<
IA
N| =
]
Il
o":wlr—k
—_
I
N[
I
N | =
QU
<
Il
o'\n\)lr—l

Again, applying the First Fundamental Theorem of Calculus, we get:

(%)2 7 1 (0)?
ot

p[0<X<1O< <1] 7 (1) ! LA (0)
— —_l = —%]|— )] — — % *
P=4=2Y=Y=51718"\2) 72" 2 8

10



Which simplifies to:

N =

N =

11



3. Let the RVs X and Y have joint PDF
X *
ﬂmw=xkbgz,03st 0<y<2.

a) Are X and Y statistically independent?

In order to check whether X and Y are statistically independent, we need to compare the
joint PDF with the product of the marginal densities of X and Y. They will be statistically

independent if the following relation holds:

fx) * fr(y) = f(x,y)

As the joint PDF is already given in the question, we next step is to compute the marginal
densities and, afterwards, compute their product. Following the logic of the previous

question, the marginal density of X is given by:

2
fr00 = [ (w2 +52)

0

Using the rules outlined above, we get:

(2)?

) x (0)?
> l—[x *(0)+§*

2

212
fi@) = [xz*y+§*y7]0= [xz*(2)+§*

Which simplifies to:

4 % x 2% x
fx(x)=2*x2+T=2*x2+ 3

The marginal density of Y is given by:

1
([ (2 X*Y
) = [ (2 + 5 ax
0
Using the rules outlined above, we get:
¥ a2 oyl [ (W y] [(0F (0?2 y
fY(V)‘I?*T?L‘[T+T*§l_IT+T*§l

Which simplifies to:

12



frO) =5+

Wl =
(SIS

Multiplying both marginal density function yields:

fx@) * fy(y) = (2 xx? + Z%x) * (% +%)

Expanding the Right Hand Side of the previous equation, we get:

)+ o (7) 2*x2+2*x2*y+2*x+2*x*y
b3 =
fx () * fy (y 3 6 9 18

Which simplifies to:

2>‘< 2 (2
ey« fyp = 2N 12 B 1Y)

Comparing the previous equation with the joint PDF, it is clear to see that the condition

for statistical independence does not hold for all the possible values of x and y™:

X2x2+y) xx(2+y) X*y
2
3 + 9 X +—3

* It does hold only if x = g However, note that this is only one point in the whole range of values that x

can take. As far as the equality does not hold for all the possible values of x and y, then the two variables

are said to be dependent.

13



b) Evaluate the following probabilities,

The first to subsections are straightforward and follow the same logic as the ones in the
previous exercise. The last two subsections follow 1.5 in the lecture notes closely. In
order to find Pr[(0 <Y < a|X = b)] one needs to divide the joint PDF by the marginal

pdf of X, both of them evaluated at the relevant ranges.
a. Pr [X = 1]
2

We need to use the marginal PDF of X and find the definite integral between % and 1:

1 1
1 2*x
Pr[XZE] =ij(x)dx=f2*x2+de
1 1
2 2

Using the rules outlined above, we get:

2xx3 2 x2
3 372

N =

Pr[X > %] - ffx(x) dx =
1
2

Using the First Fundamental Theorem of Calculus, we get:

wil N
*

2 L (LY’
Pr[xz%]zlz*gl)ngg*(lz)l_lz gz) N

Which, simplifying, is equal to:

1 1
P[X>1] [2+2] 2*§+2 2 [2+1] [1+1] 2 _10_5

— = |- - — — % —=| = |— —_ — |— ) = —_—_— — = —
"*=217137% 3 372|373 7 [127 12 12 12 6

b. Pr[OSYS

N | =

, 05X <

N | =

]

We need to find the definite integral of the joint PDF at the relevant ranges for X and Y:

]z

N[ =

1 X *y
_ 2 4 7
Pr[OSYSZ,OSXS (x? + . ) dxdy

OR‘[\H»—\
ORANIH

14



As we did in the previous exercise, we need to integrate with respect to one variable while
treating the other one as a constant, use the First Fundamental Theorem of Calculus and

repeat with respect to the remaining variable. We start by integrating with respect to x:

l\)

1
2 =
P [0 <Y< 1 0<X 1 f x + x d
— — — * —
r 2 3 y
0
Applying the First fundamental Theorem of Calculus, we get:
1
B @)
Which, by simplifying, is equal to:

-

Now, integrating with respect to y yields:

3

P O<Y<10<X<1
===y

1)2
y (0)* (0)* y

O\Nlb—\

0<X<

)

w |col =

{[24 24]}

N =
N| =

Pr[OSYS

N [ =
*
W<
QU
‘<
o'\mlr—-

[uy

P[0<Y <lo<x< ] Al
r 2’ =4 =5 24 24772

Again, by using the First Fundamental Theorem of Calculus, we get:

2
1 7 _[@ 1 (0)?
PI‘[OSYSE <X _2] I _— 24 —4*Tl

Which, when simplifying, becomes:

1 1 1 4 1 5
= — 4 —x—== + =
48 24 8 192 192 192

1
+ —

1 1] 1
= — *
48 24

Pri0<Y<-,0X<—-|=
fo=v=dosxs]

N [ =

c. Pr[(OSYSﬂX:%)]

As stated before, we need to divide the joint PDF by the marginal PDF X, both of them

evaluated at the relevant ranges. As X = % we need to find fy(x = %):

15



Which is equivalent to:

Hence,

fX(X %) - %
7(L,Y
Pr[(OSY§%|X=%)]=f02(4;6)dy
6
2z
[x+1 v’
Pr[(OSYS%|X=%)]= 4 65*2 0
6
i 1, [ L1, 02
it 1
)
6
1 1 :
1,1.2
e 2‘ [%"'%*%] [% 7 6 7 %6
5 T 5 5 a5 685
6 6 3

16



d. Pr[(OSXSﬂY:%)]

AsY = % we need to find fy (y = %):
1
( _1)_1+7_1+1_5
My=3)=3%6 3 12712

Now, we apply the formula discussed before:

Pri(0sx<5lr=3)|= 1) 5 = 5
fr Yy=3 12 12
Integrating with respect to x, we get:
3 21
2
11, 1 [%Jr%*%]
— 2\ = 0
Pri(osx=gly=g)|=——
12
Applying the First Fundamental Theorem of Calculus, we get:
133 1,2
@) ,1,G) | o2, 1,07
3 6 2 3 6 2
1 1
pri(osx<5lr=3)|= 5
12
Simplifying, we get:
11
8 4
§+6*7] L, 1241
1, _1\_ _ 247748 _ 48 _ 2 1la @ o*ax
Pri(o=x=3zlr=3)|= 5 5 5 48 5 6+2%4%5
12 12 12
_ 3
20

17



18



L11MEE TUTORIALS — SEMESTER 2 — TUTORIAL 2

By ERNESTO M. GAVASSA PEREZ”

“This document was compiled based on the answers provided by Professor Patrick
Marsh. Hence, all the credit should be given to him

19



Question 1. A firm’s profit is made by combining sand and water. A unit of the
product contains X% of sand, where X is considered to be a RV. Suppose that X has
the PDF

3x(10 — x)

f&®) =—%50

Let p denote the profit per unit, be the following function of X,
p =a+ bX.

Compute the expected profit per unit.

First, note that the question already gives the profit: there is no need to further substract
any cost! Secondly, to find the expected profit per unit we need to calculate the expected

value of p, as defined below:
E[p] = E[a + bX]

Because of the rules of expectations outlined in the lecture notes, we know that E[a] = a

and E[bX] = bE[X]. Hence, we can rewrite the previous equation as:
E[p] = a + bE[X]

We know that the expected value of the RV X can be expressed as:

o)

E[X] = fxf(x)dx

—00

Substituting E[X] in the equation provided for E[p], we get:

o)

E[p]=a+b fxf(x)dx

—00

20



Substituting the generic bounds of the integral along with the specific functional form of

f(x) given our setup, we get:

10
3x(10 — x)
E[p] = a+bf Xde

0

Expanding the term inside the integral, we get:

10
Efp] = +bf30x2_BX3d
pl=a 500

Using the rules of calculus (specifically, using the fact that [ x%dx = ’;a—:+ C and

JIf @)+ g()ldx = [ f(x)dx + [ g(x)dx), we get:

Y LIS x
PI=aT 01500 3 " 500 4

Applying the First Fundamental Theorem of Calculus, we get:

500 3 500

Eiol = at b 30 10° 30 03
= ES
pl=a 500 3

Which, after simplifying, collapses to:

— b{ 30 1,000 3 10,000
= *k —_— *
PI=A% 500" "3 500 4

04
4

j

}=a+b[20—15]=a+5b

Answer: Hence, the expected profit per unit of the firmis a +

5b.

21



Question 2. An electronic device has a life length X (which is a RV) with the following
PDF,

fx)=e* x>0.

Suppose that the cost of manufacturing such an item is £2. The manufacturer sells
the item for £6, but guarantees a full refund if X < 0.9. What is the manufacturer’s

expected profit per item?

The first thing we need to do is to calculate the profit of the manufacturer in all the
potential situations that may arise. If X > 0.9, the manufacturer earns £6 by selling the
item and pays £2 for producing it, making a total profit of £4. If, in contrast, X < 0.9,
then the manufacturer pays the production cost of £2 but refunds the full price of the
electronic device to the client; making, thus, a loss of £2. We can represent these two

situations with a step function, as shown below:

{£4 if X>0.9
—£2if X <09
The expected profit of the manufacturer in a given state of nature is calculated by
multiplying the profit of the manufacturer in a given state by the probability of such state
of nature happening. The expected profit, E[p], is calculated by aggregating the expected
profit at each of the states of nature. In our case there are only two states of nature: either

X > 0.90r X < 0.9. Hence, the expected profit of the manufacturer can be written as:
E[p] = £4 % Pr[X > 0.9] — 2£ = Pr[X < 0.9]

We know that, in order for f(x) to represent a valid PDF, then the following property
needs to hold true:

o

Pr[X < 0.9]+ Pr[X > 0.9] = f xf(x)dx =1
0

22



This is so because x > 0 represents all the potential values that x can take. Hence, the
probability that x can take any of its potential values has to be equal to 1. Isolating
Pr[X > 0.9] in the left hand side, we get:

Pr[X > 0.9] =1—Pr[X < 0.9]
We can use this equivalence to rewrite the expected profit as:
E[p] = £4 * (1 — Pr[X < 0.9]) — 2£ = Pr[X < 0.9]

Noting that Pr[X < x] defines the probability that X takes all values no bigger than x, we

can use the PDF given in the question to get:

0.9 0.9
E[p] = £4 * 1—fe‘xdx — 2£ % fe‘xdx
0 0

d(—x)
dx

0
By acknowledging % =ef®x f'(x)and -1 = , We can see that the following

—-X

_ d
rule holds true: —e™* = £ Hence,

—
Elp] = £4+ (1 — [-e710?) — 2£ » [-e™*]°?
Applying the first Fundamental Theorem of Calculus, we get:

Elp] =£4+ Q1 —{[-e ] = [-e™" 1P - 2£+ {[-e7*’] = [-e™ I}

As e 0= % = % =1, and e %% = eo% = 24;96 = 0.4066, the previous equation

collapses to:
E[p] = £4 * (1 — {—0.4066 + 1}) — 2£ * {—0.4066 + 1}
As —0.4066 + 1 = 0.5934, we get:

E[p] = £4 + (1 — (0.5934)) — 2£ * (0.5934) = —£4 * (0.4066) — £2 * (0.5934) = £0.4394

Answer: Hence, the manufacturer’s expected profit per item is £0. 4394
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Question 3. Let the RV X have PDF
f(x) =1-|x], —-1<X<1,

Where |x| denotes the absolute value of x. Find bothE[X] and V[X].

The absolute value function always reports a positive value, regardless of the sign of the
original input. It is more intuitive to see it as a way to measure distance from the origin.
Whenever the original input is positive the absolute value functions keeps the output the
same as the input. However, if the original input is negative the absolute value function
transforms the negative input into a positive input of the same magnitude. In order to
transform a negative number into a positive one, we can use the rule —(—x) = x. Thus,
we can rewrite the absolute value function in the following way:
x| = { x if x=0
—xifx<0

As X can take both positive and negative values, the PDF will vary according to the sign
of X. More specifically, f(x) =1—xifx=>0and f(x) =1—-(—x)=1+xif x <

0. We will use this later on. At the moment, let’s just write the expected value of X:

1

E[X] = fx*(l—lxl)dx

-1

From the rules of calculus, we know that:

Jaf(x)dx=ff(x)dx+ff(x)dx
c b c

Hence, it follows that:

1 0 1
E[X] = fx*(1—|x|)dx= Jx*(l—|x|)dx+fx*(1—|x|)dx
-1 -1 0

24



Noticing that X takes negative values in f_olx * (1 — |x]) dx and positive values in

folx * (1 — |x]) dx, we can substitute (1 — |x|) by the two rules commented earlier to

get:
0 1
E[X] = fx*(1+x)dx+fx*(1—x)dx

Once we have gotten rid of the absolute value function, the calculations are
straightforward and resemble the ones in previous exercises. Expanding the terms inside

the integrals, we get:

0 1
E[X] = fx+x2dx+jx—x2dx
“1 0

Solving the integral, we get:

x2  x3]° x2 3
E[X] = [7'{'?]_14‘[7—?]

Applying the First fundamental Theorem of Calculus, we get:

2 03 —1)2 —1)3 12 13 2 3
E[X] = 7+?]—[+( D )]+ ___]_[?_?]

3 2 3
Which, when simplifying, is equivalent to:

E[X] = 1 1]+[1 1_ [3 2]+[3 2_1 1_0
12 3 2 31 |6 6 6 6] 6 6

We know that the variance is equal to the square of the expected value around its mean.

More formally,
VIX] = E[(X — E[X])?]
However, as we know that E[X] = 0, the former expression becomes:
VIX] = E[(X - 0)*] = E[X?]

From the lecture notes, we know that we can rewrite such an expression as:

25



1 1

V[X] = E[X?] = fxzf(x)dx= fxz(l— |x|) dx

-1 -1

We deal with the absolute value in the same manner as before. Hence, our expression for

the variance becomes:

0 1
V[X] = fx2(1+x)dx+fx2(1—x)dx

Expanding the inside of the integrals, we get:

Ox2 x3 2 x3
V[X] = 7+?dx+fx2—?dx
0

Using the rules of calculus, we can solve the two integrals to get the following expression:

-] -4

Using the First Fundamental Theorem of Calculus, we get:

- S -4

Which, when simplifying, yields:

1 B3B3 B3 -g g

Answer: E[X] = 0 and V[X] = -
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Question 4. Let p (which is a RV) be the price of a good such that p ~ U[0, 10]. The

supply level s of the good is related to the price via,
s = 0.003p?.
Find the expected supply level both,

i) Directly

In order to find the expected supply level, we need to calculate the expected value of the

variable s. Using the rules of expectations, we can write it as:

10
E[s] = E[0.003p?] = 0.003E[p?] = 0.003[ p%f(p)dp
0
We are told that variable p follows a uniform distribution between 0 and 10. The PDF of

a uniform distribution is given by the following equation:

1
b—a

flp) =

Where b and a are, respectively, the highest and the lowest value that p can take. In our

case, then, the PDF of p is given by the following equation:

_ 1 _ 1
f(p)_lo—O_E

Substituting this value in the equation that describes the expected value of s, we get:

10 10
1 0.003

— 2~ g — 2
E[s]—0.00Sfp 1Odp 10 p*dp
0 0

Solving the integral, we get:

p3 10
E[s] = 0.0003 I—l
3 0

Applying the First Fundamental Theorem of Calculus, we get:

27



E[s] = 0.0003 10°_ o
s] =0. 3 3

Which, if simplifying, is equivalent to:

1000 0.3
E[s] = 0.0003 ——=—-=0.1

i) By first determining the distribution of s

Theorem 3 in section 2.6 of the lecture notes states the following. Given that the PDF of
X is f(x), then the PDF of Y = h(X) can be found by using the following formula:

0 =@ +| 3]
= *

9gy) =flx &
Put simply, whenever we do not know the PDF of the variable Y but we do know that

variable Y depends on X, we can work out the PDF of Y given the PDF of X and X itself.

In our case, we want to first determine the distribution of s and, afterwards, compute the
PDF of s. Recalling that s = 0.003p?, we can write p in terms of s:

1
2

? = (5o

As well, from the previous section we know that, given that p is a RV following a uniform

distribution between 0 and 10, the PDF of p is given by:

_1
f(P)—E

Given the two previous equations, we can rewrite the formula given by theorem 3 in terms

of pand s:

dp

9(s) = £(0) * |-

Given that we have explicitly written p in terms of s before, we can directly compute %:

dp 1 ( S )_% 1
—_— = — % K —
ds 2 \0.003 0.003
Which, after simplifying, becomes:
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d 1 2
di‘) 0.006 (0.503) 2

we can rewrite the previous expression as

Noting that x~¢ =
1 1
dp 1 1 1 1 0.0032 1 0.0032 _;
= = *— = *
ds 0. 006 s % 0.006 1 0.006 1 0.006 s
S2 S2
(0.003) T
0.0032
Substituting the previous result into g(s), we get
1
1 (0.0032 _%

96) = 151006 *

1
Vs 1, then s is bounded to be positive.

. p- _ 5 \2
As p hasto liewithinOand 10 and p = (0_003) =
In practical terms, this implies that the absolute value will not change the function. Hence

we can rewrite g(s) as:

1
0.003z _1
2

1
1 0.003z2 _1
s

= — % —— 2 =
96) = 15" 0006 *° 0.06

Before start calculating the expected value of s, we need to show that g(s) represents a
valid PDF. To do that, the following rule has to hold true

x x 1
J‘ (s)d _f0.00Sz _%d _ 1
gls)as = 0.06S s =

0

0

Which, operating, is shown to be equivalent to

x 1 x
0.0032 1
Jg(s) ds = J 2d
0 0
Solving the integral, we get:
x ir 1y*
f (syds = 200322
IS =006 | 1| ~
2 1o

0

Applying the First Fundamental Theorem of Calculus, we get
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fg(s)ds_ooosz[___ .

0

Which, when simplifying, is equivalent to:

x 11
f (s)d _ 0.0032x2 "
IS =006 1
0 2
Isolating x, we get:
X2 = T
0.0032

Squaring both sides yields:

__006* 00036 _
X =22,0003 0012 =

Hence, for g(s)to be a valid PDF, then 0 < s < 0.3 has to hold true. Knowing this fact,

we can now write the expected value of s as:

03 0.3 1 03 1 103
E[]_f 5d _f 0.0032 1 _f 0.0037 1 _0.003zf .
SI= ] 898)eas = 157506 ° ¥ =] 7006 > % T 006 ) 7%
0 0 0 0

Solving the integral, we get:

0.3
E[s] = 0.0032 l ]

Applying the First fundamental Theorem of Calculus, we get:

1 3 1
~0.003210.32 02 _0.00370.32 2 00032

006 | 3 3| 006 3 3 0006
2

2 2

03 =0.1

Answer: E[s] = 0.1
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Question 1. Let z4, z5, ..., z,, be a sequence of independent normal (IN) RVs having means

p; and variances o, for i = 1, ..., n. Deduce that the RV

- (z; — Mi)z
Q= Z o?
— i

l

Has a 7, distribution.

By the definition of a Chi-Square Distribution of section 3.2 in the lecture notes, we know that
the sum of several independent standardised squared normal RVs follows a Chi-Square
Distribution with n degrees of freedom. More formally, if X;~N(0,1) fori =1, ..., n, then it

follows that:

n
Q~X(,, where Q = ZXLZ

=1

In order to deduce that the RV Q has a X(Zn) distribution, we need to demonstrate that each

element within the summation is just the square of a Normal Distribution with mean 0 and
variancel. Namely, that each RV of the type X; follows a standardised Normal Distribution.

The first step is to rewrite the summation in the following way:

0= Z (z; ;izﬂi)z _ Zn: (Zi ;Mi)z

i=1

The second step is to note that each element within the summation is just a transformation of
the z; random variables described in the questions. To make the notation consistent, let us name

the transformed RV in the following way:

Hence, we can rewrite Q by substituting each element within the summation by X;:

0= Z (Zi ;ﬂi)z _ Zn:(Xi)z

n
=1
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Now, it should be easier to see that in order for the definition of the section 3.2 to apply, we
need to demonstrate that the RVs X; follow a normal distribution with mean 0 and variance 1.
In order to do that, we use the rules of expectations and the knowledge that E[z;] = u; and

Vz] = af.

First, let us write the expected value of X; as:

E[X]=E [Zi ;lli]

We can divide what lies within the expectation into two elements:

E[Xl-]zE[l “l]zE[—l—ﬁ
0i 0;i O0j

By the rules of expectations, we know that the expected value of a constant is the constant itself
(E[b] = b) and that the expected value of a RV times a constant is the constant times the
expected value of the RV (E[aX;] = aE[X;]). Together, these two rules imply:

Zi My

1
Bl = B| 2 - 2| = ppa

_H

Oi
Where% = a and % = b, using the notation of the aforementioned rules. As the question states
that the expected value of the RV E|[z;] = u;, we can substitute that in the previous equation

to get:

Hence, the first condition for the definition in section 3.2 to apply is satisfied. Now, let us write

the variance of X; as:
VIX;] = E[(X; — E[X;])?]

As we have just previously found that E[X;] = 0, we can substitute that in the previous

equation to get:

VIXi] = E[(X; — 0)%] = E[X{]

L

Hence, we need to demonstrate now that V[X;] = 1. For that, let us rewrite the previous

expression as:
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v = vy = | (1) | = |22

Expanding the expression within the brackets, we get:

VIX;]=E [(ﬁ - &)Zl =E l(ﬂ)z + (&>2 - ZZi,uil =E lj—i + ,u_i _ ik

g; 0; 0; 0; i o; 0; O;

. 2 . . ,
As % 2% and ﬁ—‘z are constants, and applying the rules mentioned before, the previous

l l

expression is equivalent to:

VIX(\)=E|S+——-2—|==E[z2|+ = —-2—E[z
[X:] Iaiz e [z]] pe 2]
As E[z;] = u;, the previous equation becomes:
1 T 1 uio_uf
VIX]=SElZl+=-2—=w==E[Z]+=-2=
[ l] O_iz [ L] O_iz O_iz 1 i2 [ l] O_iz O_iz
Simplifying, we get:
1 u?
— 2 t
VIXi] = ?E[Zi] 3z

At the moment, E[z?] is unknown to us. However, recall that we know that z;~N (u;, 67).

Hence, it must be that:
Viz] = of
Substituting V[z;] by the generic formula, we get:
Vlz] = E[(z; — E[z])*] = of

As the question states that E[z;] = y;, when substituting such equivalence in the previous

equation we get:
Vlz] = E[(z; — u)?] = of
Expanding the parenthesis, we get:

Viz] = E[(z; — u)?l = Elzf + uf — 2z;] = of
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By noticing that u? and 2u; are constants, and applying the aforementioned rules of

expectations, we get:

Viz] = Elz} + pf — 2zu,] = Elzf] + pf — 2uE (2] = of
By substituting E[z;] = u; — which the question states — in the previous equation, we get:

Viz] = Elzf] + pf — 2uwE[z] = E[27] + pf — 2up; = of
Simplifying, we get:

Viz] = E[zf] + uf — 2up; = E[2{] + pf — 2uf = of
Which is equivalent to:
Viz] = E[z] + pf — 24 = Elz{] — uf = of
By isolating E[z?], which was the unknown of the simplified expression of V[X;], we get:
E(z}] = of +uf

Recall the formula we got for V[X;] was:

1
— 2
V[X;] = G—izE[Zi] T o?
Substituting the formula for E[z?2] in V[X;], we get:
1 uz o1 u?
— 2 L _ 2 2 L
VXl = O_—izE[Zi] T G—iz(ffi +ui) To?
By expanding the first term, we get:
1 u?
VIX] =02 +—u? -
[ l] O_iz i 12 Hi 01'2
Which is equivalent to:
2 2 2
o Ky K
ViX]1=-+ 4+t _ L
[ l] O_iz O_iz O_iz

36



Hence, we have demonstrated that, given that the RV z;~N (u;, /), then the standardised RV

X; = Z";_”" ~N(0,1). Hence, the definition in section 3.2 of the lecture note applies and the RV

Q as defined in the question follows a Chi-Square Distribution with n degrees of freedom;

where n is the number of standardised RVs of the type z;.
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Question 2. If ¢ is a constant then demonstrate that,

) V[X+c]=V[X]

The generic formula forE[X] is:

(0]

E[X] = fxf(x)dx

— 00

Hence, we can write the expected value of X + ¢ as:

o)

E[X+c] = f(x+c)f(x)dx

—00

Expanding the parenthesis, we get:
E[X+c] = f [xf (x) + cf (x)]dx

Using the rules of calculus (more specifically, the fact that | (£ (x) + g(x))dx = [ f(x)dx +
[ g(x)dx), we get:

E[X+c]= jxf(x)dx+ ch(x)dx

As c is just a constant, we can take it out of the second integral to get:

o)

E[X+c] = fxf(x)dx+c ff(x)dx

—00

As ffooof(x)dx = 1 for f(x) to be a valid PDF, we can substitute the second integral by 1 in
order to get:

oo

E[X+c] = fxf(x)dx+c

— 00

Substituting E[X] = ffooo xf (x)dx in the previous equation, we get:
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E[X+c]=E[X]+c
Now, we can make use of the following generic formula:
VIX] = E[(X - E[X])?]
And substitute X by X + c and E[X + c] by the expression we get above to get:
VIX +c] = E[(X — E[X +c])?] = E [(X +c— (E[X] + c))z]

Expanding the expression within the parenthesis, we get:

VIX +c] = E[(X + c — E[X] — ¢)?]
The c’s cancel out, yielding the following expression:

VIX +c] = E[(X — E[X]?] = V[X]

Hence, as shown, the variance of the RVs X and X + c¢ are identical.

ii) VicX] = c?V[X]
Using the general formula for the variance of a RV, we can write the variance of cX as:
VicX] = E[(cX — E[cX])?]

Using the formula for the expectation of an RV, we can write the expectation of the RV cX as:

o)

E[cX] = chf(X)dx

—00

As c is a constant, we can take it out of the integral to get:

o)

E[cX]=c f Xf(X)dx = cE[X]

Substituting for the expression of E[cX] found above, we can rewrite the variance of cX as:
V[cX] = E[(cX — E[cX]?] = E[(cX — cE[X])?]
By using c as a common factor, we can rewrite the previous expression as:
2
V[cX] = E[(cX — E[cX])?] = E [(c(x — E[X])) ]
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By the rules of calculus, we know that (cf(x))2 = c%f(x)?. Hence, we can rewrite the

previous expression as:
V[cX] = E[(cX — E[cX])?] = E[c*(X — E[X])?]

Because of the expression we found above for E[cX], we can deduce that, as c? is a constant,

then it can be taken out of the expectation:
VleX] = E[c*(X — E[X]?] = c*E[(X — E[X])?] = ¢*V[X]

It, then, follows that V[cX] = c?V[X].
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Question 3. Show that if X is a RV having a PDF which is symmetric around x = 0 then
E[X] = 0. Extend this analysis to the case where f(x) is symmetric around x = a to show
then that E[X] = a.

A PDF of the RV X is defined generically as f(x). It follows, then, that for the RV X to be
symmetric then the equivalence f(x) = f(—x) has to hold true. As we want to calculate the

expectation of the RV X, let us write the generic formula below:

o

E[X] = fxf(x)dx

— 00

Using the rules of calculus, we can rewrite it as:

0 0
E[X]= | xf(x)dx + | xf(x)dx
Jore]

As we do not know the functional form of f(x), we cannot solve the integrals above. However,
to make the expectation 0 it will suffice to show that, for any generic function f(x), the first

and the second integral are equal in magnitude but opposite in sign. To see this, we can apply

the rule stating that f:f(x) dx = — fbaf(x) dx?2 to the second integral to get:

0 0
E[X] = jxf(x)dx— fxf(x)dx

Now, we subsequently apply the rule stating that f:f(x) dx = f__(ff(—x)(— dx)3 to the

second integral to get:

2 To see this, and assuming that F(x) is the generic solution to the proposed integral, we can apply the First
Fundamental Theorem of Calculus to both sides to get the following expression:
F(b) — F(a) = —[F(a) — F(b)]
Which, after expanding the brackets of the right hand side, becomes:
F(b) — F(a) = —=F(a) — (=F(b)) = —F(a) + F(b)
3 Following the previous footnote, and applying the first Fundamental Theorem of Calculus to each of the hand
sides of the stated rule, we get:

b
[ r@ax=ro) - F@
[ 10 a0 = F(=0) - F(-(-0) = F) - F@
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0 0

E[X] = f Xf () dx — f (=0 f (—)(~dx)

— 00

As f(x) = f(—x) by symmetry, and (—x)(—dx) = (—1)(x)(—1)(dx) = xdx, we can
rewrite the previous expression as:

0 0

E[X] = f xf (0 dx — f W (0 (dx) = 0

— 00

In order to generalise the results to a function symmetric around a, we first need to note that
fx—a)= f(—(x — a)). By imposing a new RV Z to be defined as Z = X — a, and applying

the rules of expectations, we know that:
E[Z] =E[X—a]l =E[X]—a

Since now the function is symmetric around z = x — a and not around x, this implies that,
now, f(x — a) = f(z) = f(—(x — a)) = f(—z). Hence, the argument constructed before can

now apply for z:

0 oo
ElZ]l = | zf(2)dz+ | zf(2)dz
[

Which, applying all the rules mentioned before, becomes:

0 0

E[Z] = j 2f (2)dz — f @f@(dz) = 0

— 00

Substituting this in the expression for the expectation of the RV Z, we get:
E[Z]=0=E[X]—a

By isolating E[X], we finally get:

O+a=E[X]=a
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Question 4. Show that

n n
Z(x,- —-x)?% = 2 x? — nx?,
i-1 1

i=

— 1gn
Where x = ;Zi=1 X;.

To show that the stated equivalence holds, we first expand the left hand side of the equation to

get:
n n

n n
Z(xi —%)? =le-2 +Zf2 -2 *inf
i=1 i=1

=1 i=1

As X is a constant, we can bring it out of the summation in the third element of the previous

equation to get*:

n n n n
XTREE) T W) 38
i=1 i=1 i=1 i=1
Additionally, X2 is a constant as well. Hence, summing X2 n times yields x25 :
n n n
Z(xi — x)? =lez + nx? — ZQE*in
i=1 i=1 i=1

Using the formula for x provided in the question (x = % ™1 x;), we can isolate Y;i-; x; to get:

Substituting this expression in the previous formula, we get:

n n
Z(xl-—f)z =in2+nfz—2)?*n*f
i=1 1

i=

% To see this, note that Y-, x; % can be rewritten as x, X + x,x + --- + x,x. Taking ¥ as a common factor, we get:
X, + 2,4+ x,) =X 0%

5 To see this, note that Y7, ° can be rewritten as %2 + £ + -+ £2. Using % as a common factor, this
expression is equivalent to 2 = (1 + 1 + --- + 1). Noticing that X2 was added n times, this is equivalent to nix?.
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Which simplifies to:

i(xi - %)% =

n

in2+nf2—2n*f2

=1
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Question 5. A RV X has an exponential function if

Determine the cumulative distribution function of X and also find both E[X] and V[X].
Suppose B = 100, find the value c such that

PriX >c] =

N =

Determine the cumulative distribution function of X

The Cumulative Distribution function (CDF for short) of a RV X is to be defined as:

PriX<z]= ff(x)dx

Given that the lower bound of the RV X is 0 and the f(x) described in the question, the CDF
of X is:

We can also write it as follows

X

PriX<z]= I(Ee_ﬁ) dx

We can substitute 1 = (—1) * (—1) and take one of the —1’s outside of the integral to get:

PriX <z] = (—1)JZ<(—1)%6_%> dx = —f(—%e_%> dx
0

0
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d(e—%)

dx

By noticing that —= = . and, hence, noticing that —~e # =
B dx B
expression is equivalent to:
_x
d(e ﬁ)

I dx

Mm3ﬂ=—f

Hence, using the rules of calculus (more specifically, the fact that [ f(x)dx = [

F(x) + C, the CDF is defined by the expression below:

_Xx1%
MMSA:—FB
0

Using the First Fundamental Theorem of Calculus, we get:
-z _0 _0 -z
PﬂXsﬂ:—{Fﬁyw 4}=eﬁ_eﬁ

1

d(F(x))
0 dx

, the previous

Using the rules of calculus (more specifically, noting that x=¢ = —), the previous expression

xa

is equivalent to:

VA
PT[XSZ]= —e E:——e B=1—e_ﬁ

Which describes the CDF of the RV X.
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Determine the E[X]

Using the formula for the expectation of a random variable, we can write the expectation of X
as:

| =

x1= [«
0
This integral needs to be solved using the technique known as integration by parts. Recalling
the formula for integrating by parts

m||
=

JF)g' ()dx = f(x)g(x) — [ f'(x)g(x)dx

| &=

And setting f(x) = x and g'(x) =

expression are:

‘m||
=)

, the two remaining elements appearing in the previous

e )_df(x) dx

dx dx

X

- X d 8_% x
gx) =fg’(x)dx=fel‘Tﬁdxz—f—%e_Fdx:_f ( ) B

Substituting f(x), f'(x), g(x) and g'(x), we get:

Now, substituting 1 = ﬁwithin the integral in the right hand side, we get:

© X Ie)
e B
E[X]=J xﬁ dx = xeﬁ f
0 0

As both the numerator and denominator of % are constants, we can take whichever of them

outside the integral. Hence, by taking the numerator outside of the integral of the right hand
side, we get:
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By noticing, as before, that —% xe B = the solution to the integral of the right hand

dx '

side can be calculated accordingly:

1= (575 ar =[x ] -]

Applying the First Fundamental Theorem of Calculus, we get:
oo X

e P o0 @0

E[X]:f XT dx = —ooe B + Qe ﬁ—ﬁ[e B —e ,BI

0

Using the rules of calculus (more specifically, using the fact that x™¢ = xia), we can rewrite the

previous expression as:

- B

1 1] oo+0 B[l 1
o T 0| T T o T 0T P Lo T Lo
eﬁ’ eﬁ e e e e

By noticing that e® = oo and e® = 1, we can rewrite the previous equation as:

[0e]

E[X]=j X

0

_x
e B

B

e = oo 0 1 1
SR Sl P

Even if it is tempting to assume that 3 =1, 3 it is an indeterminate form. In order to know
the real value of g in our setting, we need to apply I'Hopital's Rule, which states the
following:

If f and g are differentiable functions for all values of x larger than a given number, a, and it
is the case that both )161_% f(x) = o0 and }Ci_r)r(xlg(x) = oo, then the following equivalence holds

true:

lim @ = lim [
xag(x)  x-ag'(x)
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b
In our case, lim x = co and lim e?

= oo. Hence, from I'Hopital's Rule it follows that:
X—>00 X—00
i X - lim 1 1 1 1 1 0
1m — = = = [ R—
x—>00 Z x—o00 1 X 1 R 1 1 [e's)
ﬁ ZeB Zeb He*¥ o
¢ ge" B B~ B

Hence, we can rewrite the expectation of X as:

e _x
e B o 0
Em=f O L
0

5[—— ]=—0+0—ﬁ[0—1]

Which, when simplifying, is equivalent to:

1)
x= [ 5
0

| =

h| |
=)
II

oy
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Determine V[X]

In order to calculate the variance of the RV X, we use the general formula

VIX] = E[(X — E[XD?]

As we already know that E[X] = [, we can substitute that quantity in the previous expression
to get:

T
VIX] = E[(X — B)2] f[(x—ﬁ)z ]x

Expanding the parenthesis, we get:

0]
0

Applying the rules of calculus (more specifically, the fact that [ (f(x) + g(x))dx =

(x* + p* — 2Px) * 1

[ f(x)dx + [ g(x)dx), we can rewrite the previous equation as three different integrals

0 X

V[X]=j xz*e;g dx+jOo ﬁ2>keﬁ;;>dx—Joo Zﬁx*e% dx

B
0 0

As 2 and 23 are just constants within the second and third integrals respectively, we can take
them out to get:

X 0 _X 0 _x
B e B

B
dx + p? — |dx — x s
J 7 X ﬁo 5 X Zﬁof X 5

dx

Which is equivalent to:
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x . x

f X2 #E dx+,82f dx — 2?
0 0

B

Also, in order for f(x) =

ml
‘%IR

i
to be a valid PDF, then it follows thatf ( 5 )dx = 1. Hence,

substituting the second integral by 1, we get:

V[X]=f xz*eﬁﬁ dx + B2 = (1) — 232
0

Which is identical to:

Simplifying, we get:

dx — B*

Again, the remaining integral needs to be solved with the integration by parts technique. Fixing

m|
'WIR

f(x) = x% and g'(x) = —, the two remaining elements to find the relevant integral are:

F1(x) = 2x

=R

gx) =[g'G)dx = —e"

Hence, we can rewrite the variance of the RV X as:

V[X]: —xeB f Zx*eﬁ dx_’gz
0

As —2 is a constant, we can take it out of the integral to get:

o

V[X] = [—xze_%]:o + ZJ dx — p?

0
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X

. o B . s . .
Knowing that fo <x %) dx = [, and noting that the % within the integral is a constant, we
can deduce that:

Isolating the integral, we get:

f (xe #) dx = 18815 = 18205
0

Substituting it into the variance of x, we get:

VIX] = [—xze‘%]:o +2[BH7 - 2

Applying the First Fundamental Theorem of Calculus, we get:

ViX] = —(00)26_% + (0)26_% +2p% — p*

Which, after simplifying, becomes:

By applying the I'Hépital's Rule a second time, we get:

) 2 2 2 2
= lim =

SRR W

Hence, the variance of the RV X is defined by the expression below:

VIXI = —— + 7 =0+ 7 =
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Suppose B = 100. Determine the value ¢ such that

Pr(X > c| =

N | =

Finally, we are asked to find the value of ¢ for which Pr[X > c] = % given that 8 = 100. First,
let us rewrite f (x) for the proposed value of 3:

X
e 100

100

flx) =

In order to find the proposed probability, we write the probability as a definite integral:

[ee) X

1 e 100 1
Pr[XZC]:E:f 100 | ¥ =72

Cc

Multiplying the integrand by 1 = (1) * (—1), we get:

Pr[X ! ( 1 1 e_% d !
>cl=- — — S
Xzl =5 = [ |00 S )| dx =3
c
Taking one of the -1’s out of the integral, we get:
(o] X (o]
PriX 1 e 100 d 1 _x d 1
> = - —_ —_ = — —_—— 100 = —
x=c=7= j 100 |** f( 100° )x 2
c c

X
x d|e 100
By noticing that — % e 100 = ( — ) and using the aforementioned rules of calculus, we get:

1 o xq° 1
Pr[ch]=§=>—[e 100] =3
c

By applying the First Fundamental Theorem of Calculus, we get:

1 Lo _cq1 1
Pr[XZc]=E=>—[e 100 — e 100]:E

Which, by noticing that x=¢ = xia becomes:
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1 1 1 1 1 1 1 1
PriX>cl==-=—-|—&- lZ—[—— l:_lg_ lz -

(o4 fo'e) (o4 C
2 ¢T00 100 e*  ,T00 0100
Rearranging, we get:

1 <
Pr[X2c]=§=>2=e1oo

Taking logs in both hand sides, we get:
1 <
PriX > c] = 7= In(2) =In (elOO)

Which, by applying the rules of calculus, is equivalent to:

1 c
Pr[X > C] = E = ln(Z) = m]n(e) — m

Hence, isolating ¢ we get:

1
Pr[X > c] = > = 1001In(2) = ¢ = 69.315
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1. A classical regression model is written,
ye=a+ Bx,+g, &~IIDN(0,0%), t=1,2,..,n
Where the values of x4, x5, ..., x,, are not random.
(a) Derive the Ordinary Least Squares estimators of both a and B, say @ and S8.

By definition, we know that y, = ¥y, + &;. Hence, we can isolate the residuals to get:

& =Ye— Ve
More crucially, this equation just outlines the residual of each observation in our dataset; where
each observational unit is described by the subscript t. In order to sum the residuals of all the

observations in our data, we need to sum the residuals of each of the observations in our dataset,

which we can write compactly as:

n

XS

n
Ve = Ve

t=1 t=1

As our objective is to generate a model that makes the smallest mistakes possible, a tempting
way to proceed would be to minimise the previous equation. However, note that the residuals
can be either positive or negative. Hence, if we would were to minimise the previous equation
we would be making one inappropriate assumption. Namely, that models that make no mistake
at all are as equally good as models with a huge amount of mistakes that counterbalance each

other.

To see this, assume a candidate model A, with two observations (¢t = 1,2). This model has
é&-1 = 1,000 and &,_, = —1,000. Hence, it follows that >’ & = (1,000 — 1,000) = 0.
Now consider another candidate model, B, with two observations (t = 1,2). This model has
&-1 =0and &_, = 0. Hence, it follows that }., &, = (0 + 0) = 0. If we were to minimise
the sum of the residuals, it follows that we wouldn’t be able to differentiate between models A
and B. This is clearly a wrong approach, as we can see that model B is better than model A due
to the fact it perfectly predicts our data.

One approach that we can take to solve this problem is to square the residuals and sum
the square of the residuals. The rationale for this approach is that it solves the previous issue.
To see this, note that the square of either a positive or a negative number is always a positive

number. Hence, we get rid of the counterbalancing issue mentioned before. In the vein of our
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previous example, model A will have (&.-,)? =1,000%2 = 1,000,000 and (&,-,)% =
(—=1,000)? = 1,000,000. Hence, Z?zl(ét)z = (1,000,000 + 1,000,000) = 2,000,000
would be the sum of the residuals of model A. On the other hand, model B’s squared residuals
would be (¢,21)2 =02 =0 and (&,2,)? = (0)? = 0. Hence, its sum of squared residuals
would be ¥, (&,)* = (0 + 0) = 0. We can see that, when minimising the square of residuals,

model B would appear as the clear winner. We can write the sum of squared residuals as:

S(&»B) = i(ét)z = i()’t - 37t)2

t=1 t=1

Given that our prediction model is given by the equation y, = & + Bx,, we can substitute it in

the previous equation to get:
n n
~ A n ~ A 2
S(“:ﬁ) = Z(Et)z = Z(Yt —a— ﬁxt)
t=1 t=1
In order to find the Ordinary Least Squares estimators of a and 8, we just need to solve an

unconstrained minimisation problem (as we are not given any restrictions to complement the

previous equation):
mip [S(a,/?) - Z(yt —a- ﬁxt)zl
' t=1

The solution to the above problem requires us to find the First Order Conditions (FOC’s

henceforth), which require setting the relevant first order derivatives equal to 0:

Which collapse to:
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as(a,p

) n
PP 05 —wex(e—a—px) =0
Y :>t=1 xt*(yt a .th)

We can expand both equations to get:

g—ﬁ)—O:Z—yt+a+ﬁxt—0
05(a,p) N

— —O:Z—xtyt+axt+ﬁxtxt—0
9%k =

Using the relevant rule of working with the summation operator®, we can rewrite the FOC’s as:

( B

M=
£M=
£M=
=
&
I
(e}

as(a.p) - SR
B O:>—thyt+2axt+zp’xtxt=0
By taking the constant 8 outside of the summation operators’, and by recalling the rule stating

that the summation of a constant is n times the constant (3./~; ¢ = nc), we can rewrite the
FOC’s as:

® Yiolax + bx) = ¥y ax + X bx
7 Another rule regarding the summation operator is the following one: Yo ax = a Y, x

59



Isolating & in the LFH of the first FOC, we get:

2 n n
— ~ -1 X
(Aﬁ):():)&: t=1Vt t=1Xt
& n n
As, by definition, Z = Zt L%t \ve can rewrite the previous expression as:
as(a,p) )
e — 0 = P =V — X
oa @a=y-px

Giving us the OLS estimator @ for the population parameter «. As we can see, the constant of
our predicted model crucially depends on the averages of the independent and the dependent

variables.

Now, substituting the expression for & in the second FOC, we get:

(EB 0= — zxth+Z(y ﬁx)xt+ﬂzxtxt—0

Expanding the parenthesis, we can rewrite the second FOC as:

as(a,p
g—lé: = — thyt+2yxt ﬁxxt+ﬁ2xtxt—0

As before, by noticing that ;- (ax + bx) = }i-, ax + XIL, bx, we can rewrite the previous
FOC as:
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Using x.for both the terms inside and outside the parenthesis, and noticing that .7, ax +

Yicobx = Yt (ax + bx), we can rewrite the previous expression as:

as ,\’A n ) n
%20:_;xt(%_}_’)+ﬁ<2xt(xt—f)>=0

t=1
Rearranging, we get:
~ n n
as(a,p A _ _
%2 0 ﬁﬁ(ZXt(xt _x)> = zxt(yt _y)
B t=1 t=1

Isolating 3, we get:

as(a,p) _
B

Yt=1 % (Ve —y)
Z?=1 xe (X — %)

0=p=

Hence, our estimators for the population parameters are:

a=y—px

Yt=1 % (Ve — y)
Z?:l xe(xXp — %)

ﬁ:
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(b) Show that B can be written as

n

B= zctyt

t=1
And determine the coefficients ¢, fort = 1,2, ...,n
In order to write 3 as the summation suggested above, we need to transform the expression so

that we have y, multiplied by another term. To do that, we subdivide this question into two

parts. First, we transform the numerator and, second, we transform the denominator.

a. Transforming the numerator

The numerator of £ is given by the following expression:

n

Z xt(Ye = ¥)

t=1
We expand the previous expression to get:

n n

Z xe(ye —y) = Z XVt — Xty

t=1 t=1
Using the rules of summation, we rewrite the previous equation as:

n

n n
Z xe(ye — Z XYt — Z Xty
t=1

t=1 t=1
Taking the constant y outside of the second summation term, we get:

n

Z xe(ye —y) = Z XtVe — i

t=1 t=1 t=1
Substituting y = Zt 1Y% i the previous expression, we get:
n n n n n n n
. Zt 1Yt Z? 11Xt _
xe (e —y) = XtYt — Xt = XtYt — Yt XtYt — Ve Xt
t=1 t=1 t=1 t=1 t=1 t=1 t=1

62



Using the rules of summation outlined above, we can rewrite the two summation terms as a

single summation term:

n n n

n
Z xe(ye —y) = Z XeVt — Z YVeXe = Z XVt — YeXt
t=1

t=1 t=1 t=1

Using y, as a common factor, we can rewrite the previous expression as:

n n n

Z xe(ye —¥y) = thYt — VX = 2%(3& — X¢)
t=1

t=1 t=1

Which is the transformed version of the numerator. As we can see, now we have the expression

in terms of y; and an extra term multiplying it.

b. Transforming the denominator

The numerator of £ is given by the following expression:

n

z x¢ (xp — X)

t=1

We expand the parenthesis within the previous expression to get:

n

n
Z xt(xt - f) = Z tht - th

t=1 t=1

Applying the rules of the summation operator, we can divide the previous expression into two

different summation terms to get:

n

n n n n
N _ 5 ~
2 Xe(Xp —X) = ) XeXpe— ) XX = ) Xf— ) XX

Noticing that — 7, x:X = XT= XX — 2 21— XX, we can rewrite the previous expression as:

n n

th(xt—f) =Zx?+ixtf—22xtf

n
t=1 t=1 t=1 t=1

Taking the constant x out of the second summation term, we get:
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Ztlt

Noticing that X = and, hence, nx = .} x;, we can substitute )., x; in the second

term in order to get:

n n n
th(xt —-X) = thz + xnx — Zthf
t=1 t=1 t=1

Hence,

n n n
th(xt —-X) = thz + nx? —229@9?
t=1 t=1 t=1

Noticing that X2 is a constant and applying the rule ¥, ¢ = nc, we get:

n n

n n
th(xt—x Zx?+z X2 ZthJE

t=1 t=1 t=1 t=1

Using the identity (a — b)? = a? + b? — 2ab, it is easy to see that the previous equation is

equivalent to:

n n
th(xt_f) ZZ(xt_f)z
t=1 t=1

c. Rewriting f as f = ¥, ¢y,

Using the results of parts a. and b., we can rewrite the estimator £ as:

3 _ Yi=1 Xy —¥) _ Dt ye(xe — X¢)
D=1 Xe(Xp — X) 2ieq (e — %)?

(x¢—x)

Hence, it follows that ¢, =
o1 (xe—%)2

describes the coefficients asked for. To see this, just

substitute the formula for ¢, in the estimator of £ to get:

n n _
= Y=g
_ ¥)2”/t
t=1 t=12t=1(xt %)
Once we apply the summation in the denominator, we end up with a constant, which can be

taken out of the global summation term to get:
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~

B =

t

n
=1

Yi=1(xr — %) Yt=1(xe — Xy,

CeVe = ~2 Yt = =
t=1(xr — X)? t=1(x —%)2
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(c) Using (1) show that the variance of 8 is given by

0.2

Yie (e — %)?

VIB] =

And explain why empirical investigation might be hampered if there were only small
variations in the values of the independent variable. What would be the consequence if
x; = x; for every t and s?

Given that B = X%, ¢, y,, it follows that:

n

1=V [y o

t=1

Using the rules of variance, and given that c; is a constant and that the y,’s are independent,

we can rewrite the expression as:

n

n
V[ = D Viewd = ) ctviv
t=1 t=1
Substituting the expression for y; (v; = a + Bx; + &) in the variance, we get the following

expression:

n

V[[?] = z ctVia + Bx; + &]

t=1
Knowing that the generic form of the variance is V[y,] = E[(v, — E[y.])?], we can rewrite the
previous expression as:

n

v[g] = Z CZE[(a + Bxe + & — Ea + B, + £.])?]

t=1

Using the rules of expectations, we can divide the E[a + Bx; + €] term into three terms to

get:

V[B] = > c2El( + B, + 2 — Ela] - Elfx] - Ele])?]

t=1
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By noticing that E[a] = a, E[Bx;] = Bx,8 and that E[e;] = 0, we can rewrite the previous
expression as:

n

V[[?] = z c2E[(a + Bx; + & —a — Bx; — 0)?]

t=1
Which collapses to:

n

V[] = ) c#El(e)?)

t=1
Given that we are told that ,~IIDN (0, %), then it follows that:
Vel = E[(&r — E[Et])z] = E[(& — 0)?*] = E[EE] =o?

Hence, substituting E[e?] = o2 in the expression for the variance of £, we get:
t

V[ = ) cto?
t=1

As o2 is a constant, we can take it out of the summation term to get:

NgE

V[B] =02 ) c?
t=1
Given that ¢; = n(x#xt)z the previous expression becomes:
toq(xp—%)
n 2
5 (x; — %)
=03 (5
g LA\TE G — %)

Which, after applying some algebraic calculations, can be rewritten as:

DT S 0 BTG S NN
Tt — 022~ 7 GG —DD? 0t — %)

Vgl =

8 Notice that our population model y, = a + fx, + &, only assumes &, to be a random variable. Both «, 5 and x,
are not random but known variables and parameters and, hence, their expected value will just be the expected
value of a constant. It, then, follows that the variance of y,, as we shall show later on, will be directly proportional

to the variance of ;.
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If there were only small variations in the values of the independent variable, then our
investigation might be hampered. To see this, we need to show that as the variation of the
values of the independent variable decrease, the variance of our estimator § increases. This
means more noise in the data and, as a consequence, a greater difficulty in achieving statistical
significance for a given value of 5. To see this, let’s define an arbitrarily small value as 8. To
see how the variance reacts to small variations in the values of the independent variable, we

compute the limit of the variance when x; — X, converges to the defined arbitrarily small value:

" < o? ) o? o?
1m = =

- n = \2 n 2 2
xe=x~>8 \Y 1 (o, — %p) =164 né

Now, by taking the derivative of the previous expression with respect to & we will see how the

variance varies when the variation of the values of the independent values decrease:

0.2
d (W) _ 2ne?§ 207 <0
ds ~  n28§*  né3

As we can see, when § gets bigger, the variance gets smaller. It, then, follows that when § gets
smaller the variance gets bigger. Hence, when the variation of the values of the independent
variable are small, the variance will tend to be big. Also, it is easy to see that, when x; = x,,
then

Z?let Xt +Xt + +Xt nxt

X = =xt

n n n

And, substituting ¥ = x, in the formula for the variance of § found before, we get:

o? o? o2

no(e—x)? YR, 0

= 0

VIl _, =

Hence, the consequence of x; = x, for every t and s would be an infinitely large variance.

Thus, no statistical significance of the independent variable could ever be reached.
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(d) Let dy, ..., d,, be non-random coefficients that satisfy the following;
Yiid, =0 and Y dx,=1

Show that the estimator defined by

n
ﬁd = z d.y,
i=1

Is an unbiased estimator of .

Taking expectations, we get:

E[f4] =E

n
Z dtyt]
i=1

As the y,’s are independent, we can rewrite the previous equation as:

E[Ed] = Z Eld.y:]

n
i=1
Substituting y, = a + Bx; + &; into the previous expression, we get:

E[ﬁd] = Z Eld (a + Bx; + &)]

i=1

Expanding the parenthesis, the previous expression becomes:

E[fa] = ) (Eld,a] + E[d,fx,] + Eld;e.])

i=1
Using the rules of the summation operator, we can divide the Right Hand Side into three
summations:

n n

E[fa] = Z Eldal + ) Eldifx] + ) Eld.z]

i=1 =1

Which, given that E[d;] = d,, becomes:
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E[4] = i dea + i d.fx, + Zn: d.E[g]
i=1 i=1 i=1

As E[g;] = 0, the third term vanishes:

E[B4] = z": d.a + i d.fx,

Also, as a and S are constants, we can take them out of the summation to get:

E[4] = azn: d, + ﬁzn: dx,
i=1 i=1

And, given that Y-, d, =0 and X}.,d.x, = 1 as assumed in the question, the previous

equation becomes:

E[fa] = a(0) + B(1) =

Hence, if the assumptions of the question hold true, then the estimator £, is unbiased as

E[Ed] =p
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(e) Show that the variance of the unbiased estimator B, is minimised when
d,=c, forallt
Where the coefficients c, are as determined in part (c).

Showing that the variance of the estimator 3, is minimised when d, = c, implies showing that

the variance of the OLS estimator £ is the minimum possible one. Hence, the proved we are

asked for is the proof of the Gauss-Markov theorem. To start, and similarly to part (d),

V[ﬁd] =V [Z[dt%]] = Z[V[dt%]] = Z[dtZV[Yt]] =g? Z[dg]
t=1 t=1 t=1 t=1

Now, we want to manipulate the expression so that it depends on both c¢; and d,. Later on, we
then proceed to show that the term involving d, is positive and, hence, the variance is

minimised when d; = c;.

Given that ¢, — ¢, = 0, we can rewrite the previous equation as:

V[Ed] =o? Z[(Ct —C+ dt)z]

t=1
Which can be rearranged as:

n

VIBd] =0 Y [(eot (=)

t=1
Expanding, we get:

n

V[Ba] = 0% ) [cF + (de = c)? + 2(ec(de = )]

t=1
Using the rules of the summation operator, we can divide the RHS into three summation terms:
n n n
V[B] = o* [Z F+ ) (de— )P + ) 26(dy - ct>]
t=1 t=1 t=1

The next step is to show that the third element within the brackets is equal to 0. To see this,

let’s just write the third element in the brackets below:

71



n n
z 2¢e(de — ) = ZZ ce(de — cp)
t=1 t=1

Substituting the first ¢, by the formula we previously found for ¢; (c; = %) we get:
t=1\1t™
n
(x; — xt) ) ( t=1(xe —2)(d; — Ct))
2¢,(d; — Z d,—c) =2 L
Zl t( t < 1( . — ( t t) ?=1(xt _ x)z

Expanding the numerator, we get:

n n _ _

_ d, — —xd, +
z 2¢,(d, — ¢,) = 2 <Zt—1(xt t — XtCr — XAy xct))
t=1

Using the rules of the summation operator, we can divide the numerator into four summation

terms:

o v -_—
Z 2¢,(d, —¢;) =2 <Z?=1 xXedy — Z?=1 XeCr — Z?=1 xdy + Z?=1xct>
=1 o t Y=g (xp — X)2

We can take the constant x out of the third summation term to get:

n v —_—
= TG~ 27

As X', x.d; =1 and Y7-,d; = 0 because of the assumptions made at question (d), the

previous equation becomes:

C 1— Y0, x.c — %(0) + I, m)
d, —c,) =
; 2¢ce(de —cp) =2 < Y (xp — )2

Which simplifies to:

n

1= XYt xece + Xi=g Xt
zch(dt‘ct)=2< T Ge— %)
t=1 =1 — X

(x¢=%)

Now, substituting the remaining c;’s by ¢; = SEESEY

we get:
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1= 21 <—(xt —%) ) + Xt=1 X <—(xt — %) )

n
2¢;(dy —cp) =2 —
ZL t( t t) Z?zl(xt _x)z

Expanding the second and third terms of the global parenthesis, we get:

n x? XX n xx _ x?
S 20 B G 7 5 L s S 0
t=1 e \ i (e —%)?

Using the rules of the summation operator, we can divide each of the two summation terms of

the numerator into two summation terms to get:

X

i 26,(d: — ¢) =2 (1 - 2 (i) + B () 2 () - B8 (m))
t=1

Nt (e — %)?

We can, now, group the four summation terms of the numerator together to get:

" _a x? XX XX, B x?
Y 26— =2 L2 (- g a e S e TG )
pr e ¢ 2req (e — X)?
Which can be rewritten as:
. 1_yn (xtz + x% — 23@?) 1 Y xt + x? — 2x,%
> 26(de—c) =2 IS CTRED G Loz (e — 1)

As (a — b)? = a? + b? — 2ab, we can rewrite the previous expression as:

1— 2r=10x — x)*
Z?=1(xt — X)?

n
2¢,(dy —¢c;) =2 —
; ¢(d; t) n(x — )2

Which, when simplifying, becomes:

S 2ette 2 (g ) ) =20 =0
L o (x — %)? ST (- 0)?

Hence, as we have demonstrated that the third element within the brackets of the expression
for the variance of the estimator 3, is equal to 0, we can now rewrite the expression for the

variance of the estimator /3, as:
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V[Ba] = o2 [zn: ct + Zn:(dt — ct)zl
t=1 t=1

Now, as a given number squared is always positive regardless of its sign, then it follows that

(d; — ¢;)? = 0 and, consequently,

n
Z(dt - Ct)z 2 0
t=1

Hence, the variance of the estimator f; can be written more generically as:

n

JZZCE if dp =c,

(
ViEd={ .&

Laz [z 24> 0

t=1

if di # ¢,

Thus, the variance of the estimator 3, is minimised whenever ¢, = d,. Or, in other terms, the

variance of the estimator B4 is minimised whenever 8, is the OLS estimator of g.
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(f) Explain why both @ and B are consistent estimators.

We know that an estimator is consistent provided that
lim Pr[|f — | =¢] =0
n—->oo

In addition, Chebyshev’s inequality states the following:

Provided that £ is an unbiased estimator, then the first expression is equivalent to

lim Pr[|B — E[B” = e] =0

n—-oo
Equalling the lower bound of Chebyshev’s inequality with the equality of the previous

expression implies:

%f]zozw[ﬁ]:o

As n tends to . Given that the expression for the variance of 8 was found before:

2

VIl = ——
G —%)°
It follows that:
limV[4] = li o 0
m = Im-———-=
n—oo n—ooo 2?:1(9% _ f)z

As n tends to oo, the denominator will be composed of infinite terms:

0.2

Xg = %)%+ (x; — %)% + -

V(] = ¢

If all x;’s are equal, then it follows that x;, = x, = --- = X and, as a result, the denominator will
be equal to 0. However, if, for some t and x; # x,, then the denominator will get big. More
formally, let’s define p € [0,1] as the percentage of observations x; different from x. Then, it
follows that, as n tends to oo, the denominator will have p * co = co positive terms (as any

number squared is positive. Hence, we can rewrite the previous expression as:
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2 2

lim V[§] = 2 2

nosco GO0+ w0

A similar argument can be applied to the variance of the estimator &.
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1. A classical regression model is written,
ye=a+ Bx,+g, &~IIDN(0,0%), t=1,2,..,n

Where the values of x4, ..., x,, are not random. Let @ and 8 denote the OLS estimators of

a and B, with the fitted values y, and residuals &; given by;
ye=a+Bx, & & =y,—7,
(a) Define TSS = Y1y (v, — )2, ESS =Y1,(J,—¥)?* and RSS =YL, &,
Then show that
TSS = ESS + RSS

As stated in the question, the total sum of squares is defined to be the square of the deviation

of the dependent variable around its mean:
n
1SS = ) (v = 3)?
i=1

Given that the residuals are assumed to be &, = y, — y;, we can isolate the dependent variable
to get the following identity:
Ve +é& =y

Substituting y; in the TSS formula, we get:
n n
1SS = =P = ) G+ 4 — )
i=1 i=1
Which, after rearranging, looks like:
n
A _ AN2
155 = Y (G =) + &)
i=1
Expanding, we get:

n
1SS = Y G =7 + & — 26— )
i=1
Using the rules of the summation operator, we can divide the summation into three different

summations to get:
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n n
TSS = Z(yt -9+ zég - Z 26D —y)

Using the rules of the summation operator, we can take the 2 outside the third summation

operator; and, additionally expanding the parenthesis of the third element, we get:

n n n
TSS =) Ge=9)P+ ) & -2) &9~ 47
i=1 i=1 i=1

We can divide the third term into two summations:

n n n n
TSS =) Ge—)P+ ) E-2) &9, +2) &7
i=1 i=1 i=1 i=1

By noticing that y, = @ + fx,, we can substitute the third element to get:

n n n n
TSS = Z(yt —¥)? +Zé§ - ZZét(&+[§xt) +22ét37
i=1 i=1 i=1 i=1

Again, expanding the third element and dividing it into two summation terms, we get:

n n

n n
TSS=Z(37t—37)2+2é§—22§t&—22§tﬁxt+22ét37

i=1 i=1 i=1 i=1 i=1

One should notice, at this point, that };i-, £, = 0 and Yj=, £&:x; = 0. To see this, just rewrite

the FOC’s of the OLS we covered in the previous tutorial:

Now, given that §; = & + fx, as commented earlier, the previous FOC’s can be rewritten as:
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Recall that the question stated that £, = y; — y,. Substituting &; in the FOC’s, we get:

(’)S(A B) n n n
=022 —(8)=-2) £=02 ) £=0
a t=1 t=1

~ n

das(a,

%ZOﬁzz—xt*étZ—zzxt*étZ():} xt*ét
1

t=1 t=1 t=

3
3

Hence, by substituting i~ & = 0 and Y;i-, é.x, = 0 in the TSS equation, we get:
n n
TSS = ) (=302 + ) & —2a(0) = 26(0) +25(0)
i=1 i=1
Which collapses to:

n n
TSS = Z(yt — )%+ Z £2 = ESS + RSS
i=1 i=1
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(b) Detail the role played by the coefficient of determination R? is assessing the overall
fit of the fitted model.

The coefficient of determination R? is defined to be the deviation of the independent variable
around its mean that is explained by the variation of the predicted variable ¥y, around its mean.

Put shortly, R? is the amount of variance of the independent variable that can be predicted by

our estimation. Notice that, as 9, = @& + fx,, then E[y,] =9 = a + Bx, = E[y,] = ¥ as far
as the OLS estimators are unbiased (they indeed are. See part (d) of tutorial 4 and the lecture

notes).

Hence, we can rewrite ESS as:
n
~ =\ 2
ESS = Z(yt -9)
i=1

Given the definition stated above, it becomes clear that i—z; is the coefficient of determination:

, ESS
T TSS

AsTSS = ESS + RSS, then, we can substitute TSS above to get:

,  ESsS
"~ ESS + RSS

And, as RSS =Y, 2>0 and ESS =Y, (9, — 3‘/)2 > 0, as both are sums of squared

numbers, it follows that

R2=20- (=0
L
Additionally,
RZ = ESS (< 1)
ESS+=0

Hence, R? can only take values in the range 0 to 1. In other words, the percentage of variance
of the independent variable that can be explained by our model lies within the conventional 0%
- 100% limit:

R? €[0,1]
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Alternatively, one can divide the identity TSS = ESS + RSS and divide it by TSS to get:

TSS ESS N RSS
TSS TSS TSS

As we know that R? = i—i‘; substituting it and isolating R?, we get:

RSS

_122 _ p2
1 TSS R
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(c) Detail why the statistic

B-B
Tg = ~t(n-2),

62
\ DR EREE

Where t,_,) has a student-t distribution with n — 2 degrees of freedom.

As discussed in the previous tutorial, S~N [ﬁ, f)z]. Standardising the OLS estimator

o2
will yield a variable following a normal distribution with mean 0 and variance 1. Even when
proved in previous tutorials, let’s just prove it again so that we are confident enough with the

suggested result. Taking expectations of the standardised OLS variable, we get:

(TG -7

Using the rules of expectations, we can divide the previous expression into two terms:

£ B—-B _ B - B
02 o2 o2
i Xita (e — f)z_ | Qi (xe — f)z_ i D (e — f)z_

Given that x, is not random, and that 0 and /8 are constant, we can use the rules of expectations

to get:

- 1 N
Pl == |- Flp) - ——=

o2 o2 o2
i Z?:l(xt - f)z_ Z?:l(xt — X)? Z?:l(xt — X)?

Given that the OLS estimator is unbiased, then E[ﬁ] = [5. Substituting in the previous equation,

we get:
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[ ]
plf-p |+ 8 B 8
o2 o2 o2 o2 o2
Z?:l(xt —X)? Z?:l(xt —x)? Z?:l(xt —X)? Z?:l(xt —X)? Z?:l(xt —X)?2

We can, now, express the variance of the standardised variable as follows:

B8 |_||_B-8 b5
o2 o? o2
TG -2 \\zggn—fy __zggw—fﬂj/_
Given that E i = 0, as found before, the previous expression collapses to:

|
—c |
[t x)zJ

N e S| B Y
02 o2
| Z?:l(xt - f)z_ K D —1(xt - f)Z/ |

Expanding, we get:

2 2

8 N 8 B ; 8
o? o2 o? o?
2ieg (e — %)? 2ieq (e — %)? 2im, (e — %)? 2ie, (e — %)? niq (g — %)?

Applying the rules of calculus, we can divide the previous expression into 3 terms:

b p

4 =E

cB|| —f ||+ k|2 4 4
g2 a2 ag? ag? g?
oG- \(The-o7) | (\(The—2) | | \(TmGe—07) \ [SEGe-07 )|

Given that x, is not random, and that o and /3 are constant, we can use the roles of expectations

to get:
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E[B]

( - \|2 E[B?] + (—1 Y E[B?] - 28 (—1 Y
\ \Jsr ==/

o? | o2
TP ST Ge B Wz

2
) as a common factor, we get:

v p—B (
o2

[ ]
fee
| |

o2
Xizq (xe — %)?

S~—

1
o2
] Z?=1(xt - f)z_ \ Z?:l(xt — x)?

As B2 is constant, we can take it out of the expectation. Also, as f is unbiased, then E[,[?] =L,

\| (18] + £16°) - 25(])

making the previous expression equivalent to:

iE |- | (E[5*) + 52 - 26p)
/ a? 0?2
i 2?:1(9% - f)z_ k Z?=1(xt - f)Z/

Which collapses to:

B-B 1
o2 o2
S|\ [SEG -

And further simplifies to:

i 1
2 o
P IR

We do not know E[f?], but we do know that:

(E[p?] - 5%)
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v[B] = m =E|(B-5)]

Expanding the RHS, we get:

2

VIAl = oy = E1B* + 7~ 26f]

Which, using the rules of expectations, is equivalent to:

2

z = E|B*] + B* = 2BE[B]

7
i (e — %)

vip] =

Again, as £ is unbiased, we can substitute E[S] = f in the previous equation to get:

2

V[B] = % = E[B?] + B? — 2BB = E[p?] + B* — 2B*

o
Z?:l(xt —X
Which simplifies to

2

o
Yz (xe

V[ﬁ]: _f)zzE[ﬁz]_ﬁz

Recalling that the expression for the variance of our standardised variable was:

B-p 1 .
v 1)
2 -9
e IR SIS
l:
And noticing that we just found E[$?] — B2 = % \vecan substitute the expression for

TR (gm0

E[B?] — B? in the previous equation to get:

vl B8 _ 1 ( o )
0_2 0-2 - Z?:l(xt - f)z
S| e

Which simplifies to:
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S B-8  |_ z;zl(?z— 7 _,
o’ ST Cx, — %)

Yimi (e — X)?

B-p
)
e (xe—%)?

Hence, we have shown that ~N(0,1)

More importantly, notice that, now, the standardised variable will give us a number. Also, given
the confidence level we want to achieve, the statistical table of the normal distribution will give

us a number against to which we can compare our statistic.

Or is it? Notice that we have a? in the denominator, which is a population parameter and,
hence, unknown. § is clearly known, as it is our OLS estimator; and Y™, (x, — %)? is also
known as we observe our independent variable x,. If we want to test whether £ is statistically
significantly different from an ex-ante hypothesized value of S, then we don 't care about the
real value of 8 but about our hypothesised value; so we could say we know g (italics are
crucial to understand this bit. Of course we care about 8, but in the domain of hypothesis
testing our main focus is on the difference between the value we observe, 3, and the value we
ex-ante hypothesize it should have). The main punchline in here is to note that E;f IS
not a valid test statistic, as it would need us to know the population parameter a2, which we do

not know.

Here, the use of the distributions we have studied in the lecture notes become massively
important. The question that follows is: can we transform our normal (0,1) into another

variable, following a distribution we know, that can allow us to test for the difference between
S and B?

Instead of directly giving the answer, | believe to be useful to explain why we do actually need
a t-student distribution. To see this, notice that a chi square distribution wouldn’t solve our

problem. If we square our standardised variable, we’d get the following:
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2

(8 - B)°

/ b-p \ j

| 2 I B 02 ~X(21)
. ST (x, — %)2

\/%/ Yiz, (e — %)

As we know from the lecture notes, a normal (0,1) squared follows a chi quare distribution. In

this case, as there is only one normal (0,1) squared, the previous expression involves a variable
following a chi square distribution with 1 degree of freedom. However, and more crucially,
we’d still be facing the same problem: namely, that we still have an unknown parameter (%)
affecting our variable. Therefore, just a chi square won’t be able to suit our needs. An F-
snedecor distribution may solve our issues. But, as we’ll see later on, under some circumstances

the square of the T statistic follows an F distribution.

Let’s turn our focus to the remaining distribution that can be constructed from a normal (0,1):
the t-student distribution. If we recall the lectures, we know that a t-student distribution is
generated in the following way:
N(0,1)
T= ~tn)
2
X
n

Even when we do not know o2, we do actually know 62. Hence, if there was a way to
generate a chi square variable with both o and @2, such that the a%’s would cancel out,
we could use a t-statistic to test for the difference between the OLS estimator of g and 8

itself. Indeed, it will be shown in later courses that:

Hence, it is the case that:

Z?=1(xt - f)z
T= ~t(n-2)
(n—2)62
0-2
n—2

We can simplify by noticing that the (n — 2)’s cancel out:
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o? o?
Xie, (e — X)? Din, (0 — x)2

T = = ~tin—
(n — 2)5? 52 (n-2)
5z o2
n—2
Which is equivalent to®:
B-B
0-2
i=1(xe = %)? Jo? t
(n - 2)52 2 NED (n-2)
e, (e — %)?
We can further write it as:
B—B
0-2
ST (v, — 7)2 A
- Zi=1(xt Xx) _ (ﬁ _ ﬁ) * Vo2
(=25 ey
—n-z =20 = %)

From which it becomes clear that the o?’s cancel out:

BB
0-2
. e, O — X)? _ (2 - B8) .
(n—2)62 1 -
—— [ZEG-®? ver

Again, using the rules of calculus (now we exploit the fact that vVab = v/a * Vb), we get:

9 Remember that

alolela

Sl&

=5*5andthat\F=
b ¢ b
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0-2
. Y (e — )2 _ (2 - B) o
(n— 22)52 62 =2
T Y (e — )2

Now, we have a very similar variable from the standardised one we started with. However,
notice that the unique difference is that we now have 42, which we know, instead of the
unknown o2. This changes the distribution from a normal (0,1) to a t-student distribution with
(n — 2) degrees of freedom. We can, now, compare the value of our statistic with the critical
value we get from the t-student distribution given the n of our sample and the confidence level
we want to use. Furthermore, the additional fact that 62 is an unbiased estimator of the

population parameter o2 makes it even more attractive.
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(d) A researcher has data from 27 households and is interested in the relationship
between weekly household consumption Y and weekly household income X. The

results of their OLS estimation are
yt=50+025xt+§t, R2=05, n=27
(1.0) (0.05).

Where &; denotes a residual and the figures in round brackets are the estimated standard

errors.

(i) Itisclaimed that households spend approximately one fifth of their income
on food. Test this claim using the data from households at the 5%

significance level.
(You may assume the relevant critical value is 2.0).

At this point, you may be wondering what all these theoretical derivations are useful for. This
brief example aims to clarify that. For the aspiring econometrician, the theory behind
hypothesis testing may be wonderful. However, for all of you who may consider to do empirical

work, understanding why these results are important and what are they used for is crucial.

(B-B)

o
I (ep—1)2

Our previous result has suggested us that the variable is going to let us test whether

£ is substantially different (statistically speaking) from . As economists, the relevant test is
most widely used to analyse whether a given variable has any effect at all in our dependent
variable. For instance, one may wonder whether years of education (x;) has any effect on
earnings (y.). For that, the usual practice in the profession is to grab datasets and run an ols
(or a variant of) regression between both x; and y;, which are observable. Within this setup,
the test on whether 3 is different from 0 allows us to test whether an extra year of education
influences earnings. Notice that we are assuming, ex-ante, that # = 0. This is normally done
as we normally try to unravel new knowledge and, hence, 8 = 0 serves as a useful benchmark:
Given that the previous knowledge in the literature is that this variable has no effect, | use some

new data to test whether that statement is statistically correct or false.
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In the proposed case, % = 0.2. Hence, the ex-ante claimed value of § is f = 0.2. Our test, then,

would involve comparing the estimated value against the ex-ante hypothesized one. More

formally, we write the null hypothesis as:
Hy:p =0.2

The alternative hypothesis is that the previous relationship does not hold:
Hy:f #0.2

We normally say that we test the null hypothesis (that § = 0.2) against the alternative (that
B # 0.2). To do that, we just substitute 8 = 0.2 and § = 0.25 (the coefficient from the

regression) in the test statistic outlined in the previous section to get:

(0.25 — 0.20)

62
g (e — %)?
- F-3 2 - -
Now, notice that we already found that V[,B] W’ and that an unbiased estimator of
i=1 X=X
that variance'® is:

A 62

V= sre—

Hence, it follows that the standard deviation of 3 is:

SE[] = JV[B] =

1(x — x)2

Which is the denominator of the expression above. Hence, the figure in brackets below the

coefficient 3 is SE[S]. Plugging it in the expression of the test statistic, we get:

(025-0.20)  (0.25—-0.20) _0.05 _
~ SE[B] 005

62

Z?:l(xt - f)z

ZL 1(gt)
- n-—

0 You will study this on later courses. At the moment, it suffices to know that 6?2 , and that E[62] =

[zl 1802 ] _
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As 1 < 2, this implies that our test statistic is lower than the critical value. Hence, we cannot
reject the null hypothesis that £ = 0.20. In other words, the statistical evidence is not able to

refute the ex-ante knowledge we had about the relationship between household income and
household expenditure on food.
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(i) Detail how the coefficient of determination R? can be used to test whether
the variables Y and X are related. Test the hypothesis of no relationship at

the 5% significance level.

The relationship between to variables is normally measured by the correlation coefficient:

= Yie1(xe =0 e —y)
\/Z?:l(xt — %)% Yt=1(ye — ¥)?

In order to see how the coefficient of determination can be used to test whether variables Y and

X are related, we need to show several statements.
First, that the coefficient of determination is equal to the square of the coefficient of correlation:
r? = R?

Second, that the coefficient of determination determines a test statistic that can be used instead
of the one covered in part (c), the F statistic. The F statistic serves the same purpose as the T

statistic and it is defined as the square of the T statistic:

F:Tzz/ (-5 \:R_Z

o
Lizq (xe — %)?

All in all, the next sections will i) show the direct relationship between the coefficient of
correlation and the coefficient of determination, ii) show that the square of the T statistic is the
F statistic, iii) showing the direct relationship between the F statistic and the coefficient of
determination and iv) some concluding comments on how to use the F statistic to make

analogous hypothesis tests as the one covered in section (d) i).

a. The relationship between the coefficient of determination and the coefficient of

determination

We start by recalling the formula for the coefficient of determination:

_ESS YL —¥)°

R?=—"=
TSS  Xiea(e—y)?
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By definition, we know that:
Je=a+ ﬁxt
By the optimisation process of OLS, we know that:
a=y-—px

2?:1(3% - ) —y)
Yz, (e — )2

g =
Substituting the formula for 9, in the numerator of R?, we get:

?=1(& + px; — 3_’)2

R? =
Z?:l(yt - y)z

Substituting the OLS formula for & in the numerator of R?, we get:

L (57— B+ pr.— )
2?:1(3’1& - y)z

R? =

Noticing that the y’s cancel out, the formula collapses to:

_ 2?:1(33% - /jf)z

RZ

Using 3 as a common factor, we get:

i1 (ﬁ(xt - f))z
2?:1(3’15 - y)z

2=

Using the rules of calculus!?, we get:

?:1 ﬁz(xt - f)z

R? =
Y (e — )2

As 2, we can take it out of the summation operator to get:

_ BZ izt (e — x)?

RZ
2ie1 (e —y)?

11 Remember that (ax)? = a®x?
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Substituting the formula for the OLS estimator f in the previous expression yields:

Sy (e = D@ = P\ s _
( i?:l(xt — X)2 ) iy (e — %)°

R? =
Yiz1 (e — y)?

Which is equivalent to:

it =D = 7)) on . n = 2 Dieq (g — )2
RZ (1Z?=t1(xt _ J52)2 i=1(xt - x)z _ (Zi=1(Xt - x)(Yt - y))z (Z?:ll(xtt_ Jf)z)z
2in (e —y)? 2in (e —y)?

Further simplifying gets us to:

n - 2 Qi =0 C (e — D e — 3))?
(Zi:l(xt - X)(yt - y))z (Z?:i(xt — f)z)z _ 12?:1(9% — )E)Z

e —y)? a Y e —y)?

R? =

Using the rules of calculus, we can rewrite the previous expression as:

Qi1 G =0 e — 9))*

R? =
Yiza (e = X)2 XL, (ye — ¥)?

Taking the square root of the previous expression yields:

Yic(xe =0y — )
R2 = =
\/— \/Z?=1(xt —x)? Z?:l(Yt —y)? "

Hence, if = VR, then squaring both sides yields:
R? =12

Hence, one way in which the coefficient of determination can be used to test whether two
variables X and Y are related is because the coefficient of determination is nothing but the
square of the coefficient of correlation! Hence, it will always provide a measure on how well

two variables are related.

b. The relationship between the F statistic and the T statistic

However, note that the previous section only highlights that the coefficient of determination is

influenced by the coefficient of correlation. Still we haven’t provided a proper statistical test.
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Recall the classical linear regression model:

Ve=a+fx+ ¢
In very simple terms, analysing whether y; and x; are related is just a matter of determining
the sign of the partial derivative of y, with respect to x,. Given that

oy,

Fraall

Would serve as evidence supporting a relationship between y, and x;. Note that, when

computing such partial derivative, we get:

dy, O(la+pBx+e)
ox, 0x, B

Which is just the coefficient of x;. Hence, our statistical test to check whether y, and x; are
related has to involve a test that analyses whether the coefficient of S is different from 0. Notice
that this test is pretty similar to the one proposed before. More generally, the test we used in

subsection i) was testing the null hypothesis:

Hy: B = By
Against the alternative hypothesis:

Hy: B # o

In the previous section, we set 8, = 0.2. Here, we would just need to set 5, = 0. The test

statistic, hence, should be modified accordingly. Generally, the test statistic reads:

(B - B,)

o
i (xe —%)?

T =

As we set B, = 0, the specific test of hypothesis when testing whether y, and x; are related

would be:

Z?:l(xt - f)z
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This looks fine as far as it goes: we found a test that will help us to analyse whether y; and x;
are related. However, e haven’t showed whether there is a relationship between the coefficient
of determination and such a test. The remainder of this section will show that the squared of
the proposed test statistic is an F test. The next section will show that the F statistic is indeed
related with the coefficient of determination.

We know that an F test takes the form:

o 4TSS —RSS
~m  RSS
Where g and m are, respectively, the degrees of freedom of the denominator and the numerator.
Squaring the expression for T yields:
32
62
g (e — %)?

T? =

Rearranging yields:

_ [?2 2?:1(3% — %)?

T? —
52

n a2
As defined before, 62 = 2:%2& substituting 62 in the previous expression gives us:

_ 32 Z?=1(xt — x)?

2

T n é.\Z
Lt=1t
n—2

Rearranging, we get:

T? =

(n—2) ﬁz Dimg (e — x)?
1 =1 &

Substituting £ by its OLS expression yields:

Z?=1xt(yt — }_}))2 ?:1(961: _ f)z

T2 — <(n - 2)) ( il —x)2

n a2
1 t=1€t

Which is equal to:
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s X e = N2, Ger = 0)?)*

72— ((n - 2)> i, (e —X)%)2
1 =1 €

Which, after simplifying, collapses to:

iz xe (e — ¥))*
. <(n - 2>> TG —

n a2
1 t=1¢t

i=1 XeVe—y)) i=1 Xt(Ve—y i=1 Xt(Ve—y
Cr,xe9)’ _  Chixe@e) + 9 Bl )*

L (e-0)2 Y, (xp—%)2 Y, (xp—%)2

Noticing that , We get:

iz xe (e — y))?
Die,(xp — )2

_ 1 xe(ye = 7))
. ((n - 2)> ATk
1

+ 2

n 22
t=1°¢t
Z?=1(xt—f)2
Z?=1(xt—f)2

Qe =) =Xk % e — ) * Xiey % (ve — ), we get:
G2 = 3))* o . 21X (Ve =) wn _
2 _ <(n _ 2)) - (Z?;(;t i %)2)Z i=1 (e — %)%+ 2 :1:1(5% i X)2 “i=1 xe (Ve —¥)

n_ 22
1 t=1¢%t

Multiplying the first element of the numerator by =1 and noticing that

Y xe(Ve—¥)
Z?:l xt_f)z

Substituting by £, we get:

n 22
1 t=1°¢t

72 = <(Tl — 2)) B2 (e — B + 2B Xy % (Ve — §)

Substituting X7, (v — ¥)? = X, (v — ¥)? = 0 in the numerator, we get:

T2 — ((" — 2)) e =9 = X (e = ) = B2 (e — D)2+ 2B X % (v — §)
U1 =1 €

Noticing that:

—i(yt b2 Bzzn:(xt -0+ ZBixt(yt - =- [i(yt —y)zﬁzi(xt -0 - ZBixt(yt —y)]
i=1 i=1 i=1 i=1 i=1 i=1

T? is equal to:

n 22
1 t=1¢t

T2 — ((n - 2)) ?:1(% - )_’)2 - [Zzn=1(3’t - 3_’)2 + 32 ?:1(9% - f)z - ZﬁA Z?=1 xe (Ve —¥) ]
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Including the A’s within the summation terms, we get:

T2 = <(Tl - 2)) e — 9% - [Z?=1(J/t -9+ X B2 (x, — %)% — 2% Bxc(ye — ) ]

1 ?:1 étz
Given that
n n
D k-9 =) (- DGe - )
i=1 i=1

The previous expression becomes:

n a2
1 t=1¢t

T2 — <(n - 2)) e1(ye — 37)2 - [Z?:l(yt - 37)2 + Xy .éz(xt - %)% - 230 .é(xt - —y) ]

Noticing that (a — b)? = a? + b? — 2ab, we can rewrite the previous expression as:

o _ (= 2\ B0t =" - |G =) - T B — )]
(")

Using the rules of the summation operator, we can divide the summation terms within the

brackets into a single summation term:

77— <(n — 2)) Xisi (e — y)? - [( =1 ((}’t -y) - B(xt - f)))z]

1 Yi-1éf

Expanding £ (x, — %), we get:

o (=2 S e = 9% = [(Ba (e = 7 — Bxe + FR))|
-(*57)

Which is equivalent to:

72— (n—2) Y =) - [(Z?:l(yt - (}_’ - Bf) - th))z]
()

Noticing that & = ¥ — Bx, we can rewrite the previous expression as:

Y
1 t=1¢€t

e ((n - 2)> Y=y - [(Z?:l(yt -a- th))Z]

Which can be rewritten as:
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- ((n _ 2)) Y e =92 - [(Z?=1 (J/t -(@+ ﬁxt)))z]
I il

Noticing that & + Bx, = y,, We can rewrite the previous expression as:

n 22
1 t=1¢t

T2 = <(Tl - 2)) 21 =32 = [ (e = 9)7]

Noticing that y, — §, = £, we can rewrite the previous expression as:

o ((n - 2)) O = 9% — (511 (6))]
1 =1 &

Noticing that TSS = ¥7-,(y; — ¥)? and RSS = Y7, &2, the previous expression becomes:

F

72 _ ((n=2)\TSS — RSS
1 RSS

Also, note that, in its general form, a t-student variable is formed in the following way:

Squaring both sides gives:

2
As the numerator only includes one normal (0,1) squared. As )((21) = @ the previous equation
is equivalent to:

2

2 X
o NOD) T _m (@)
(

2 2 2
3 Xow MV \XGw

X n
n

As a fraction of two chi square variables multiplied by the ratio of their degrees of freedom is

the definition of a variable following an F distribution, then it follows that:

102



—2)\ TSS — RSS N
T? = <(n )> =F= (I) (@) ~Fan-2)
1 RSS x&y

Hence, in this section we have demonstrated that the square of the T statistic is the F statistic

and that the F statistic follows a F distribution.

c. The relationship between the F statistic and the coefficient of determination

This last section demonstrates that the F statistic is directly related with the coefficient of

determination. More specifically,

Recalling the F statistic:

e (n—2)\TSS — RSS
N 1 RSS

Multiplying the RSS in the denominator by ;—ii =1, we get:

TSS
. (n—2)\TSS — RSS * e5
1 RSS
Using TSS as a common factor, we get:
RSS
Fe (n—2) TSS*(l—T—SS)
1 RSS
ici 2 _ESS_ 4 _RSS :
By noticing that R = o 1 7o We get.

po (n—2)\TSS = (R?)
_< 1 > RSS

Using the rules of calculus, the previous equation is equivalent to:

-2)\ R?
po ((Pm D) R
1 RSS

TSS

RSS

AsRZ =1 — 25 thenit follows that 1 — R2 = 22 Hence,
TSS TSS

103



(n-2)\ R? (n—-2)\ r?
Fz( 1 >1—R2:< 1 >1—r2

d. Concluding remarks for hypothesis testing

In this exercise, we have learned several things. First, that the coefficient of determination and
the coefficient of correlation are related. Second, that to test whether two variables are related
we can use a T test or, alternatively, an F test. Third, that the F test that serves to analyse
whether to variables are related statistically is, indeed, related with the coefficient of

correlation.

Hence, in order to test whether two variables are related the coefficient of correlation is a key
element to take into account. Not only provides a measurement of correlation of two variables,
but can be used, as shown in the equation above, to provide a statistical test of the relation

between two variables.

Finally, the coefficient of determination also has a dual role. It provides a measurement on how
much part of the variance of a variable is to be explained by the variance of another variable.

And, as well, it provides a statistical test to analyse the relation between two variables.

At the 5% level, we have:

, (0.25\? ,
T =(—005) —(5)2=25=F

Also, the critical value is the square of the critical value for the t distribution analysed before

(4).

Hence, as 25 > 4, it follows that we can reject the null hypothesis of no correlation in favour

of the alternative hypothesis of correlation.
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